A discontinuous finite-element method is presented for solving the linear advection-diffusion equation, based on the Residual-Free Bubble (RFB) finite-element formulation. After the macro-scales (usual piecewisepolynomials elements) are separated from the micro-scales (the bubble part), they are computed by a standard Galerkin formulation, while the bubble part is approximated by a discontinuous Galerkin method. The advantage of this approach, as compared to other implementations of the Residual-Free Bubble formulation, is that the macro-scales are computed accurately, at least for the model problem presently considered. Numerical tests are performed to confirm the validity of the proposed approach.
Introduction
In this paper, we present a numerical procedure based on the Residual-Free Bubble (RFB) Finite-Element Method (FEM) for solving the linear advection-diffusion equation. This simple model problem encompasses one of the main difficulties encountered in the numerical simulation of fluid flow (e.g., [1] and [2, Chapter 8]) . It is well known that classical numerical methods, such as the central finite-difference method or the standard Galerkin FEM, are inadequate when the diffusive term is small compared to the advective term. Typically in our model problem, but also in real fluid-flow simulation, unphysical oscillations pollute the numerical solution in the whole domain, while the exact solution only shows boundary or internal layers.
To overcome this difficulty, so-called stabilized methods have been developed. In the framework of the finite-element method, a simple modification consists of injecting a suitable amount of artificial diffusion. This idea was developed by T.J.R. Hughes and collaborators in the eighties [3] [4] [5] . Their Streamline-Upwind Petrov-Galerkin (SUPG) method adds diffusion only in the streamline direction, that is, in the direction of the advection field, while preserving the consistency of the variational formulation. The SUPG technique performs better than the naive artificial diffusion technique, as shown by theoretical analysis and confirmed by numerical tests reported in [3] . The SUPG method and its variants, such as the Galerkin Least-Squares method, have become the most popular numerical methods for this kind of problems.
Despite the success of the SUPG method, there are areas for improvement. For example, because the method is not monotone, it does not preserve the positivity of the solution, which is unphysical in some applications. Another weakness is that the amount of streamline diffusion has to be tuned depending on the problem at hand. For the simple model problem considered in this paper, an effective tuning is available (see [3] ), while in other cases, for example, in real-world fluid-flow simulation, tuning of the method can be difficult. This difficulty has motivated the development of intrinsically stable methods. Examples include the Variational Multiscale method of Hughes and coworkers (see [6] ), and the Residual-Free Bubbles (RFB) method of Brezzi and Russo (in [7] ). These two methods are closely related, as discussed in [8] . A detailed discussion of the advantages and disadvantages of the methods can be found in references [6, 9, 10] .
In particular, the Residual-Free Bubble (RFB) method is based on a local enrichment of the finite-element space instead of a modification of the variational formulation. The idea is to add to the usual space of piecewise polynomials, referred to as macro-scales in this paper, the socalled bubbles, representing the micro-scales. Bubbles are functions whose support remains inside the elements of the triangulation. The numerical method turns out to be intrinsically stable (see, for example, [11] and [12] ), at the price of having to solve local problems in order to approximate, and possibly eliminate, the infinite bubble degrees of freedom. In one dimension, the local problems can be solved analytically, and the final numerical scheme produces nodally exact numerical solutions (see [7] ). In the multi-dimensional case, one can approximate analytically the bubble effect only in particular cases; for example, in [7] the case of linear elements is considered. More general procedures for dealing with the bubble degrees of freedom have been proposed, as will be discussed in Section 2.
In this paper, we propose to approximate the solution of the local problems for the bubble degrees of freedom of the Residual-Free Bubble (RFB) formulation by means of a discontinuous Galerkin method. This approach has the advantage of allowing us to compute accurately the effect of the bubbles on the macro-scales when using linear or higher-order elements in advection-dominated cases. In Section 2, we present the Residual-Free Bubble (RFB) idea and discuss the practical implementation, also including the new proposal. In Section 3, we present numerical tests, and in Section 4 we summarize our conclusions.
The RFB formulation and implementation
We consider the linear advection-diffusion equation
subject to the homogeneous Dirichlet boundary condition, where
∇ denotes the gradient operator, denotes the Laplacian operator, i.e.,
Here ε is a strictly positive diffusivity coefficient, and c is the velocity field in . The unknown real-valued function u is defined on the convex polygonal domain ⊂ R 2 . As mentioned in the introduction, this model problem encompasses some of the difficulties encountered in the numerical simulation of fluid-flow (see, e.g., [1, Chapter 3] ). The variational formulation underlying (1) can be stated as follows: find u ∈ H 
